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Abstract 

There is considered a connection with skew symmetric torsion on a quasi-Kahler 
manifold with Norden metric. Some necessary and sufhcient conditions are derived 
for the corresponding curvature tensor to be Kahlerian. In the case when this ten- 
sor is Kahlerian, some relations are obtained between its scalar curvature and the 
scalar curvature of other curvature tensors. Conditions are given for the considered 
manifolds to be isotropic-Kahler. 
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1. Preliminaries 

Let (M, J, g) be a 2n-dimensional almost complex manifold with Norden 
metric, i.e. M is a differentiable manifold with an almost complex structure 
J and a metric g such that 

(1.1) J'^x = -x, g{Jx,Jy) = -g{x,y) 

for arbitrary x, y of the algebra X{M) on the smooth vector fields on M. 

The associated metric ^ of 5 on M is defined by g{x,y) = g{x,Jy). Both 
metrics are necessarily of signature {n,n). The manifold {M,J,g) is an al- 
most complex manifold with Norden metric, too. 

Further, x, y, z, w will stand for arbitrary elements of X{M). 

A classification of the almost complex manifolds with Norden metric is given 
in [1] . This classification is made with respect to the tensor field F of type 
(0,3) defined by 

(1-2) Fix,y,z)=g{{V,J)y,z), 

where V is the Levi-Civita connection of g. The tensor F has the following 
properties 

(1.3) F{x, y, z) = F{x, z, y) = F{x, Jy, Jz). 



Among the basic classes Wi, W2, W3 of this classification, the almost com- 
plex structure is nonintegrable only in the class VV3. This is the class of the 
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so-called quasi-Kdhler manifolds with Norden metric, which we call briefly 
Ws-manifolds. This class is characterized by the condition 

(1.4) e F{x,y,z) =0, 

x,y,z 

where S is the cyclic sum by three arguments. The special class Wo of 
the Kdhler manifolds with Norden metric belonging to any other class is 
determined by the condition F{x, y, z) = 0. 

Let R be the curvature tensor of V, i.e. R{x,y)z = Vx^^yz) — Vy(Vx^) — 
S/[x,y]Z- The corresponding tensor of type (0, 4) is determined by R{x, y, z, w) 
= 9{R{x,y)z,w). 

The following Ricci identity for almost complex manifolds with Norden met- 
ric is known 

(1.5) (Vx-F) (y, z, w) - {VyF) {x, z, w) = R{x, y, Jz,w) - R{x, y, z, Jw). 

The components of the inverse matrix of g are denoted by g^^ with respect 
to the basis {ci} of the tangent space TpM of M at a point p G M. 

The square norm ofS/J is defined by 

(1.6) llVjf = 5V5((Ve,J)efc,(Ve,.j)e,). 
In [2] the following equation is proved for a Ws-manifold 

(1.7) llVjf = -25V^5((Ve,J)e,,(Ve,J)e,). 

An almost complex manifold with Norden metric (M, J, g) is Kahlerian iff 
VJ = 0. It is clear that we have ||VJ|| = for such a manifold, but the 
inverse one is not always true. An almost complex manifold with Norden 
metric with ||VJ||^ = is called an isotropic- Kahlerian in [2j. 

The Ricci tensor p for the curvature tensor R and the scalar curvature r for 
R are defined respectively by 

(1.8) p{x,y) = g'^R{ei,x,y,ej), t = g'^ p{ei,ej), 

and their associated quantities p* and r* are determined respectively by 

(1.9) p*{x,y) = g'^R{ei,x,y,Jej), t* = g'^ p{ei, Jej). 

Similarly, the Ricci tensor and the scalar curvature are determined for each 
curvature-like tensor (curvature tensor) L, i.e. for the tensor L with the 
following properties: 

(1.10) L{x, y, z, w) = —L{y, x, z, w) = —L{x, y, w, z), 

(1.11) & L{x,y,z,w) = (first Bianchi identity). 

x,y,z 

A curvature-like tensor is called a Kdhler tensor if it has the property 

(1.12) L{x, y, Jz, Jw) = —L{x, y, z, w). 
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The characteristic condition ()1.4p for W3 is equivalent to each of the follow- 
ing conditions [2]: 

(1.13) e F{Jx,y,z)=0, 

x,y,z 

(1.14) (V, J) Jy + (VyJ) Jx + (Vj, J) y + (VjyJ) x = 0. 

The following identity for a Wa-manifold is known from [3j: 
S {R{x, Jy, Jz, w) — R{x, Jy, z, Jw) 

x,y,z 

(^l + R{Jx,y, z,Jw) - R{Jx, y, Jz,w)} 

= - & g((S/xJ)y+ {VyJ)x,{VzJ)w+ {Vn,j)z). 

x,y,z \ / 

2. A CONNECTION WITH SKEW SYMMETRIC TORSION ON A W3-MANIFOLD 

A linear connection V on an almost complex manifold with Norden metric 
(M, J,g) preserving J and g, i.e. V'J = Vg = 0, is called a natural connec- 
tion [Ij. If T is a torsion tensor of V, i.e. T{x, y) = V^y — V^x — [x, y\, then 
the corresponding tensor field of type (0,3) is determined by T[x, y, z) = 
g{T{x,y),z). 

The connections with skew symmetric torsion are of particular interest in 
the string theory [5]. In mathematics this connection was used by Bismut 
[6] to prove the local index theorem for non-Kahler Hermitian manifolds. 

In this paper we consider a natural connection V' with skew symmetric tor- 
sion on quasi-Kahler manifolds with Norden metric whose curvature tensor 
has the properties of the curvature tensor of a Kahler manifold with Norden 
metric. This connection is determined by 

(2.1) V,y = V,y + Qix,y), 
where 

(2.2) Q{x,y) = ^[{VxJ)Jy- {VjxJ)y-2{VyJ)Jxy 

For the torsion tensor T of V we have T{x,y) = 2Q{x,y). We denote 

(2.3) Q{y, z, w) = g{Q{y, z),w) 
and according to ([OD, (fOj) . (p:2]) and (p3]) we obtain 



(2.4) 



Q{y,z,w) = -- 6 F{y,z,Jw). 

4 y,z,w 



4 DIMITAR MEKEROV 

3. Conditions for the curvature tensor of the connection V' 

ON W3-MANIFOLDS TO BE KAHLERIAN 

Let R' be the curvature tensor of the connection V' on a Ws-manifold 
{M,J,g) determined by p.ip . i.e. 

(3.1) R'{x,y)z = V,{V'yz) - V;(V^z) - Vj,,^]Z. 

The corresponding tensor of type (0,4) is determined by R'{x,y, z,w) = 
g{R'{x,y)z,w). According to (fjl^ . (pT2]) and ([23]) . we have 

(3.2) g (V^y, z) = g (V,y, z) + Q{x, y, z). 
Since Vg = V'g = then ([M]), ([321) and imply 

(3 3) ^' ^' ^ ^' ^' (2/, ^, ^«) - (VyQ) (x, z, w) 

- 5 (Q(y, 2;), Q(x, w)) + 5 (Q(x, z),Q{y, w)) . 

The last equality implies the property (|1.1U|) for R' and since V' J = then 
(I1.12P is valid, too. Therefore R' becomes Kahlerian if the condition (jl.lip 
is fulfilled for this tensor. Because of ()3.3p the equality (II. lip is valid for R' 
iff 

i^xQ) {y, z, w) - (VyQ) (x, z, w) 
^^■^^ '''' -g{Q{y,z),Q{x,w)) +g{Q{x,z),Q{y,w))} = 0. 

Since Q is a totally skew symmetric tensor then (13. 4p gets the form 
(3.5) e {{V,Q){y,z,w)} = 6 {g{Q{y,z),Q{x,w))}. 

x,y,z x,y,z 

The last equality implies immediately 

(ViQ) (2/, z, w) - (VyQ) (x, z, w) 

= -{V^Q){x,y,w)+ e {g{Q{x,y),Q{z,w))} 

x,y,z 

and then ()3.3p gets the form 

^^g^ R'{x,y,z,w) = R{x,y,z,w) 

- {^zQ) (x, y,w) +g (Q(x, y), Q(z, -u;)) . 



In (j3.6p we substitute y ^ w and we add the obtained equality to (j3.6p . 
Then we receive 

^'(a;, y, w) + i2'(z, y, x, w) = R(x, y, z, w) + R{z, y, x, w) 
+ 9 {Q{x, y), Q{z, w)) + g {Q{z, y),Q{x, w)) . 

Now we substitute z w in (j3.7p and then we subtract the obtained equality 
from (j3.7p . Using the properties of R and R' in the last equality we finally 
obtain the following identity, which is equivalent to l\3A\) : 

(3 8) 2/' ^' ^) = y, z, w) + 2g (Q(x, y), (3(z, w)) 

+ 5 (Q(2:, y), Q{x, w)) + 5 ((5(x, z), Q{y, w)) . 
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In this way we proved the fohowing 

Theorem 3.1. Let {M,J,g) be a yV^-manifold and V' be the connection 
determined by (|2.1|) . Then the curvature tensor R' for V is Kdhlerian iff 
the condition (13.80 is valid. 

Obviously the tensor P defined by 

^2 P{x, y, z, w) = 2g (Q(x, y),Q{z, w)) 

+ 9 {Q{z, y),Q{x, w)) + g {Q{x, z),Q{y, w)) 

satisfies the properties (jl.lOp and (II. lip , i.e. P is a curvature-hke tensor. 
Then from Theorem 13.11 we obtain the following 

Corollary 3.2. Let {M,J,g) be a W^-manifold with a Kdhler curvature 
tensor R' for the connection V' determined by (j2.ip . Then the tensor P 
determined by (j3.9p is Kdhlerian iff the curvature tensor R is Kdhlerian. 

Using ([L3]), ([13]), (123]), (123]), and the first Bianchi identity for R, we 
get the following identity, which is equivalent to (j3.5p : 

(3.10) e {{V^F){x,z,Jy)] = A{x,y,z,w), 

x,y,z 

where 

A{x,y,z,w)= 6 {R{x,y, Jz, Jw) + R{Jx, Jy, z,w) 

x,y,z 

(3.11) + 45 {Q{x, y),Qiz, w)) - g{{V^J) y, (V^ J) z) 

+ g{{V^J) y - (VyJ) X, (V, J) w)}. 

According to the properties of F, from (j3.10p and (j3.1ip we obtain 

(3.12) A{Jx,y,z,w)+A{x,Jy,z,w)+A{x,y,Jz,w)—A{Jx,Jy,Jz,w) =0. 
Because of (j3.1ip the last equality implies 

6 {^((V^ J) Jy + {Vj^J) y, (V^ J) z + {Vj,J) Jw - {V,J) w) } 

x,y,z 

(3.13) =2 6 {9iQ{x,y),Q{Jz,w)) + g{Q{Jx,y),Q{z,w)) 

+ 9{Q{x, Jy), Q{z, w)) - g{Q{Jx, Jy),Q{Jz, w))}. 

Having in mind Q{x, Jy) = JQ{x,y) — {VxJ) y and (|1.14p . from ()3.13p we 
get the following identity, equivalent to (|3.5p 

(3.14) e {g{{VxJ) Jy + (Vj, J) y, (V, J) Jw + (Vj.J) w)] = 0. 

x,y,z 

Then the following theorem is satisfied. 

Theorem 3.3. Let {M,J,g) be a W^-manifold and V' be the connection 
determined by (12. ip . Then the curvature tensor R' for V' is Kdhlerian iff 
the condition (|3.14p is valid. 
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It is easy to verify that the properties (ll.lOp . (jl.lip and (I1.12p are vahd for 
the tensor H defined by 

(3.15) Hix, y, z, w) = g[{V^J) Jy + (Vj, J) y, (V, J) Jw + (Vj, J) w) . 
Then Theorem 13.31 imphes the fohowing 

Corollary 3.4. Let {M,J,g) be a W^-manifold and V' be the connection 
determined by (|2.ip . Then the curvature tensor R' for V' is Kdhlerian iff 
the tensor H determined by (|3.15p is Kdhlerian. 

4. Scalar curvatures on a Ws-manifold with Kahler curvature 
tensor of the connection v' 

Let {M, J, g) be a Ws-manifold with Kahler curvature tensor of the con- 
nection and V be determined by ()2.1[) . Then the tensor H determined by 
()3.15p is also Kahlerian whereas the curvature tensor R and the tensor P 
determined by (j3.9p are curvature-like. We denote the scalar curvatures of 
i?, i?', P and H by r, r', t{P) and t{H), respectively, and their associated 
scalar curvatures by r*, t'*, t*{P) and t*{H), respectively. We denote the 
associated square norm of V J with respect to g by ||VJ||*^. 



The equalities ()3.8|) and ()3.9p imply immediately 

(4.1) 3t' = 3t + t{P), 

(4.2) 3t* = 3t* +T*{P), 

(4.3) r(P) = 3g'^g'''g{Qiei,ek),Q{es,e,)). 

We obtain g^^ F{ei, Cj, z) = g^^ F{ei, Jej, z) = from (jl.4p . The last equality 
and (|2.4p imply g^^Q{ei,ej) = 0. Then, having in mind ()4.3p . we get t{P) = 

I ^3 ||VJ||^ + 2 ||VJ||*^^. Because of the antisymmetry of Q, (j4.3p implies 
r(P) = I (3 II Vjf + ||VJ|r^). In this way we obtain 

(4.4) r{P) = ^-\\Vjf. 
From (fir]) and (jO|) we have 

(4.5) r' = r+|||Vjf. 

o 

By virtue of (|3.9p we get t*(P) = 3g'^^ g^'^ g[Q{ei, e^), Q{Jes, ej)), from where 

(4.6) r*(P) = --||Vjf . 



Then, according to (I1.15|) and ()4.2p we have 
(4.7) r* = r* - ||VJ 
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The equalities ()4.5|] and ()4.7p imply 

(4.8) r' + Sr'* = T + 3r*. 
Using (jl.l4p and (|3.15p we obtain 

(4.9) t{H) = T*{H) = 2\\WJf . 

Then, from ()4.5p . (|4.7p and (|4.9p the following equahties are vaHd 

(4.10) r' = T + ^T{H), 

lb 

(4.11) r'* = r* - ^t{H). 

By virtue of (fOf . (g^]), (jM]), ([321) and (fOj) . we get the following 

Theorem 4.1. Let (M, J, (?) be a Ws-manifold with Kdhler curvature tensor 
R' of the connection V' determined by (j2.ip . T/ien {M,J,g) is an isotropic- 
Kdhler manifold iff an arbitrary one of the quantities r — t' , t* — t'* , t{P), 
T*{P), t{H), t*{H) is zero. 

Now, let (M, J, g) be a 4-dimensional Ws-manifold. Since R' is a Kahler 
tensor, according to [7J we have 

(4.12) R' = u'iiTi - TT2) + z^'Va, 
where i/' = ^, z^'* = ^ and 

TTi{x,y,z,w) = g{y,z)g{x,w) - g{x, z)g{y,w), 
TT2{x,y,z,w) = g{y,Jz)g{x,Jw) - g{x, Jz)g{y, Jw), 
TT3{x,y,z,w) = -g{y,z)g{x,Jw) + g{x, z)g(y, Jw), 
- a{y,Jz)g{x,w) + g{x,Jz)g{y,w). 
According to (g^]), (gZ]), (HT^ and ([SJ]), from i^B) we obtain 

(4.13) = i I (^r + ^ llVjf ) (vri - ^2) + " ^ l|Vjf ) vrg} - ^P. 
Then we have the following 

Theorem 4.2. Let (M,J,g) be a 4-dimensional W^-manifold with Kdhler 
curvature tensor R' of the connection V' determined by (j2.ip . Then (M, J, 17) 
is an isotropic- Kdhler manifold iff 

R=l{riTTi- vrs) + r*7r3} - ^P. 
o o 

Because of (j4.9p and (j4.13p the following theorem is valid. 

Theorem 4.3. Let {M,J,g) be a 4-dimensional W^-manifold with Kdhler 
curvature tensor R' of the connection V' determined by (j2.ip . Then we have 

R = Y^{(16t + t{H)) - ^2) + (16r* - t{H)) tt^} - ^P 



8 



DIMITAR MEKEROV 



References 

[1] Ganchev G., A. Borisov. Compt. Rend. Acad. Bulg. Sci. 39, 1986, No 5, 31-34. 
[2] Mckcrov D., M. Maricv. Nihonkai Math. J. 16, 2005, No 2, 89 93. 
[3] Mekerov D. G. Compt. Rend. Acad. Bulg. Sci., 38, 1985, No 5, 559-561. 
[4] Ganchev G., V. Mihova. Ann. Univ. Sofia Fac. Math. Inform., 81, 1987, No 1, 195- 
206. 

[5] Strominger A. Nucl. Phys. B, 274, 1986, No 2, 253-284. 
[6] Bismut J.-M. Math. Ann., 284, 1989, No 4, 681-699. 

[7] Teofilova M. In: Math. Educ. Math., Proc. 35th Spring Conf. UBM, Borovets, 2006, 
214-219. 

Dimitar Mekerov 

University of Plovdiv 

Faculty of Mathematics and Informatics 

Department of Geometry 

236 Bulgaria Blvd. 

Plovdiv 4003 

Bulgaria 

e-mail: mircho@uni-plovdiv.bg 



